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Excluded-Volume Effects on Force-Length Relations of 
Long- C hain Molecules 
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ABSTRACT The force-length relation f ( r )  for a freely jointed chain with excluded volume has been determined 
by Monte Carlo techniques for chains with up to N = 200 bonds for the strain ensemble (r fixed and f fluctuates). 
As in the recent treatment for chains with N = 10 bonds, it is found that excluded-volume effects in this ensemble 
cause f to be compressive (f C 0) for small r,  in contrast to the stress ensemble (f fixed and r fluctuates) that 
leads to f 2 0 for all r. However, in contrast to the results for short chains, the force-length relation for longer 
chains varies smoothly and monotonically and shows all of the generally observed characteristics of experiments 
on rubber-like materials in uniaxial tension. The results are interpreted in terms of a statistical mechanics 
framework that computes, as a function of r,  the fraction of the configuration space region that is accessible 
to the phantom chain, which becomes inaccessible due to excluded volume. It is found that this fraction, 
which is zero for the fully extended chain, becomes large quite rapidly as r decreases. The forcelength relation 
for pairs of interacting chains with common end-to-end displacement vector r is also computed by a Monte 
Carlo technique. Chain-chain interaction is found to have little effect. Molecular dynamics calculations 
determine the separate contributions of the covalent and noncovalent potentials to the force and provide insight 
into the nature of the transmission of forces in the molecule. 

I. Introduction 
This paper continues and extends earlier work2p3 on 

excluded-volume effects on the force-displacement rela- 
tion, f (r) ,  for a long-chain molecule whose atoms are in 
thermal motion with large amplitude consistent with the 
constraints imposed by the covalent bonds between 
neighboring atoms. In the notation we employ, r is the 
displacement between the end atoms of the chain; f and 
-fare the forces applied to these end atoms; and r = lrl, 
f = f-r/r. By the convention adopted, f > 0 corresponds 
to a tensile force, while f < 0 corresponds to a compressive 
force. 

Although it also finds application to aspects of polymer 
solution and melt behavior, the importance of this relation 
lies mainly in the subject of rubber elasticity, which treats 
amorphous, cross-linked networks of such chains. In this 
context, we may think of the forces f and -f as applied to 
the chain through the cross-linking junctions. The me- 
chanical behavior of such networks for different types of 
non-Gaussian models of polymer molecules is often studied 
on the basis of the three-chain model of rubber elasticity: 
which makes direct application of the force-length relation. 

From the viewpoint of equilibrium statistical mechanics, 
we can distinguish between two types of ensembles for the 
calculation of the force-displacement relation f ( r ) .  In the 
first, the end atoms are fixed with displacement r between 
them, and the force f that must be applied to the end 
atoms fluctuates as the free atoms of the chain undergo 
thermal motion. We refer to this as a strain ensemble5 in 
analogy to the term volume ensemble for a gas. For this 

0024-9297/87/2220-0142$01.50/0 

case, the phase-average ( f )  = (f).r/r is identified with f 
to obtain the f ( r )  relation. 

In the second statistical ensemble, one end of the chain 
is fixed a t  the origin, a fixed force f is applied to the other 
end, and the displacement r fluctuates. We refer to this 
as a stress en~emble ,~  in analogy to the term pressure 
ensemble for a gas. For this case, the phase-average ( r f )  
= (r).f/lfl is identified with r to obtain the f ( r )  relation. 

For a gas it is generally assumed and can be rigorously 
demonstrated for reasonable mathematical models6 that 
the pressure and volume ensembles are equivalent in the 
macroscopic limit. This does not appear to be the case for 
the corresponding stress and strain ensembles for a single 
polymer ~hain.~#'J Although both the stress and strain 
ensembles predict purely tensile relations (f > 0 for all r ) ,  
if excluded volume effects are ignored, the situation is 
changed when the latter are treated in the model. In that 
case, the stress (constant f )  ensemble still leads to a purely 
tensile relation, but the strain (constant r) ensemble yields 
f < 0 for sufficiently small r. 

A further distinction between the p(u,T) relation for a 
gas and the f (r ,T)  relation for a long-chain molecule may 
be made in terms of fluctuations. For the gas, Aplp ,  the 
relative fluctuations in pressure in the volume ensemble 
become vanishingly small for sufficiently large systems. 
For the polymer molecule, on the other hand, Afflf, the 
relative fluctuations in the force in the strain ensemble, 
remain large, regardless of the length of the chain.g 

The previous work of Berman and Weiner3 on exclud- 
ed-volume effects on the force-length relation relied on 
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molecular dynamics and was restricted to chains with only 
N = 10 bonds. In this work, Monte Carlo procedures are 
used to study chains with up to  N = 200 bonds. Further 
aspects of this problem are also treated in this paper: (a) 
The effect of chain-chain interaction is studied for pairs 
of interacting chains. (b) A theoretical framework is de- 
veloped that permits the calculation of the fraction of 
configuration space that becomes inaccessible due to ex- 
cluded-volume interactions for different degrees of chain 
extension. (c! The Monte Carlo calculations are supple- 
mented by molecular dynamics in order to gain insight into 
the nature of force transmission in the chain by nonco- 
valent interactions. 

The plan of the paper is as follows: The Monte Carlo 
results for long single chains are presented in section 11. 
The theory for calculating the fraction of configuration 
space rendered inaccessible by excluded-volume interac- 
tions is developed in section I11 and applied to the nu- 
merical results of the previous section. We then use mo- 
lecular dynamics techniques in section IV to calculate 
appropriate force decompositions. Monte Carlo methods 
are used in section V to study the effect of chain-chain 
interaction. Conclusions that may be drawn from this work 
and their implications for the theory of rubber elasticity 
are presented in section VI. An appendix contains details 
of the Monte Carlo procedures employed. 

11. Monte Carlo Results for Single Chains 
We treat a freely jointed chain with N bonds of length 

a. Atom positions are denoted by xi, i = 0, 1, ..., N; atoms 
0 and N are fixed in position with XN - x, = r, and atoms 
1 through N - 1 are free to execute thermal motion. The 
covalent bonds between neighboring atoms along the chain 
are represented by stiff linear springs with potential 

(1) 

where a is the equilibrium bond length. The excluded- 
volume repulsive force, or noncovalent interaction, is 
represented by the hard-sphere potential 

Vc = ~ / Z K [ I X ~  - xi-ll - aI2, i = 1, ..., N 

V&,, ..., xN) = 0 for Ix, - x,I > u, all r # s 
for Ix, - x,I < u, some r # s - - 

(2) 

The use of stiff linear springs to represent the covalent 
bonds means that we are employing what has been termed 
a flexible m~deP'* '~ for the chain. In the large-K limit, 
i t  may then be shown13 that the strain-ensemble force- 
length relation f(r,T) may be computed from 

a 
ar 

f = -kT- log p (3) 

where p(r) is the probability density for a displacement 
r in a random walk of step size a subject to the exclud- 
ed-volume restriction. 

Details of the Monte Carlo procedure employed are 
given in the Appendix. I t  yields numerical estimates of 
P(r)Ar, the fraction of time spent with r in the interval r 
to r + Ar. The values of p(r) are then determined by use 
of the relation P(r) = 47r?p(r), and the force f follows from 
eq 3 by suitable numerical differentiation techniques.14 
Typical examples of the force-length relation obtained in 
this way are shown in Figure 1, in which the points rep- 
resent the values obtained from the numerical differen- 
tiation and, for the case of a l a  = 0.8, the curve is a cubic 
spline fit through these points. As a check of the numerical 
procedure, it  is applied also to the case with no excluded 
volume, u = 0. These numerical results are compared in 
Figure 1 with the known theoretical solution. 
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Figure 1. Force-length relation for freely jointed chain with (a) 
N = 50 bonds and (b) N = 100 bonds. Points result from nu- 
merical differentiation of probability distribution obtained by 
Monte Carlo procedure. Dashed curve is theoretical result for 
ala = 0. Solid curve is cubic spline fit through the points for a l a  
= 0.8. 

As with the earlier results3 obtained for N = 10, the 
results for N = 50 and N = 100 show the existence of an 
ro with f compressive for r < ro and f tensile for r > ro. 
However, the relation for N = 10 showed considerable 
structure, including nonmonotonic behavior for r < ro, 
whereas the relation for N = 50 is smooth and monotonic 
and has, in fact, the general character of the observed 
stress-strain behavior for rubber in uniaxial deformation. 

The probability distribution P(r) determined by the 
Monte Carlo procedure was also used to determine (?),'I2, 
the root-mean-square end-to-end distance for zero applied 
force in a stress ensemble. On the basis of computations 
for N from 10 to 200, it is found, to good approximation, 
that (r2)01/2 = CW, with v = 0.61. 

Oono, Ohta, and Freed15 have used renormalization 
group techniques to obtain the p(r) relation for a polymer 
chain with excluded volume in the form 

(4) p(r) = 0 . 3 3 ~ O . ~ ~  e ~ p ( - 1 . 5 p ~ . ~ ~  + 0 . 1 ~ ~ )  

p = r / ( r 2 ) o ' / 2  

In Figure 2 we compare the force-length relation based 
on this expression for p ( r ) ,  using eq 3 and the value of 
( r2)01/2 found in the Monte Carlo calculations, with the 
force-length relations based on the Monte Carlo proba- 
bility distribution. It is seen that the two results are in 
reasonably good agreement a t  small to moderate values 
of r jNa ,  with the agreement better for N = 100 than for 
N = 50, although the renormalization group result, as is 

where 
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Figure 2. Force-length relations as obtained by Monte Carlo 
procedure (MC) and by renormalization group calculations (RG) 
of Oono et al:15 (a) N = 50; (b) N = 100. 
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Figure 4. Force-length relations as determined by computer 
simulation for different hard-sphere diameters u compared with 
renormalization group calculations (RG) of Oono et al.15 

noted that it is difficult to find the value of ro accurately, 
and therefore further calculations will be necessary to 
resolve this point. 

The numerical results thus far described have all been 
for a hard-sphere diameter cr = 0.8a. The effect of varia- 
tion of cr on the force-length relation is shown in Figure 
4 where they are compared with the renormalization group 
results of Oono et  al.15 It is seen that for the fixed value 
of N = 200, the Monte Carlo result for cr = 0.4a agrees best 
with the renormalization group result, whereas there is 
substantial deviation for Q = 0.2a and cr = 0.8~.  In par- 
ticular, the Monte Carlo results for cr = 0 . 2 ~  do not show 
a compressive regime for the range of R for which nu- 
merical data are available. Whether these differences 
would persist for larger N or whether they indicate a cr- 
dependent rate of convergence16 to the renormalization 
group resulb remains a subject for future study. I t  is also 
of interest to note that the various curves in Figure 4 
appear to have a common crossing point at  r / ( ? ) J j 2  1.2. 

111. Excluded Volume in Configuration Space 
The partition function Z(r,T) for the strain ensemble 

of the flexible model described in the previous section is 

(5) 

where V = V, + V, with the covalent potential Vc defined 
in eq 1 and the excluded-volume potential V,  defined in 
eq 2. Here, in eq 5, and in what follows, C denotes a 
quantity independent of r. 

In order to evaluate the asymptotic approximation of 
Z(r,T) valid for arbitrarily large K, it is convenient to in- 
troduce an appropriate curvilinear coordinate system 
ql, ...,qn, where n = 3(N- l ) ,  through the transformation 

(6) 

such that qa, a = 1, ..., f ,  correspond to easy motion (i.e., 
to small changes in Vc) even for large K, while qA, A = f 
+ 1, ..., n, can only assume values in the neighborhood of 
zero when K is large. I t  may then be shown5 that the 
asymptotic, large K, approximation to 2 takes the form 

Z(r,T) = C l  e-Bv dxl...dxN-l 
rmnf 

xj = x j (q  1 ,..., qn;r), j = 1, ..., N - 1 

(7) 

where the integration is now confined to the f-dimensional 
configuration space r,. of the "soft" variables 4". The 
quantity gij, i, j = 1, ..., n, is the metric tensor of the 
coordinate transformation of eq 6, and lgijlo is the deter- 
minant of this tensor with qA = 0, A = f + 1, ..., n. Note 
that in the large-K approximation, both lgijlo and V,  are 
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functions of ql, ..., qf and r. We next write 

where 
Z(r,T) = C(DW - E(r)) (8) 

D(r) = Igijlo1/2 dq l... dqf (9) 
re" 

and 
E(r) = (1 - e-@vE)Igijlo1/2 dq '... dqf (10) 

The quantity D(r) may be given the following geome- 
trical interpretation." Since the soft variables q" corre- 
spond to angle variables, we may speak of the configura- 
tional space rqm as a piece of an f-dimensional torus and, 
as the chain is stretched, the system is confined to an 
increasingly smaller portion of this torus. D(r) may be 
visualized as the n-dimensional volume of a shell whose 
inner surface is rqa. The "thickness" of the shell is an (n 
- f)-dimensional volume that varies with q", this variation 
being a reflection, in the large-x asymptotic approximation, 
of the variable amplitude of the thermal vibrations that 
the flexible constraints permit in the qA directions. For 
brevity in what follows we will refer to D(r) as the phantom 
volume; it is the volume in configuration space to which 
the equivalent phantom chain1* (excluded-volume inter- 
actions ignored) is confined for a given displacement r. 

Since the quantity 1 - e-ovE = 1 only when two atoms 
overlap and is zero otherwise, it is clear that E(r) is that 
portion of the phantom volume D(r) that becomes inac- 
cessible to the system due to excluded-volume interactions; 
we will refer to E(r) as the excluded volume and to D - 
E as the available volume. 

For the strain ensemble, the force is obtained from the 
partition function Z(r,T) by the relation 

(11) 

rs" 

a 
dr 

f = -kT- log Z(r,T) 

It  then follows from eq 8 that 
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-kT dD dE 
f = 5 4 %  - %) 

In the absence of excluded volume (E 
becomes 

0) this relation 

where fph denotes the force in a chain without excluded 
volume, i.e., a phantom chain. Equations 12 and 13 may 
be recast, by straightforward manipulations, in the form 

It  is readily verified that E/D = 0 at r = Na, i.e., for the 
fully extended chain. Since fph(r) is known analytically and 
f (r) has been determined numerically in the previous 
section, we may integrate eq 15 numerically subject to this 
boundary condition at  r = Na. The required values of A(r) 
are obtained from curves such as those shown in Figure 
5. Examples of these solutions are shown in Figure 6. 
These results show that E/D becomes surprisingly large 
even at  such relatively large extensions as r/Na = 0.4 and, 
as might be expected, E/D decreases with decreasing a. 

IV. Molecular Dynamics Results 
In order to gain further insight into the excluded-volume 

effects on the force-length relation for chains in the strain 

6 
/ 

t 
N=  100 41- ,/ 

- 2  " " ~ " " " " ' ~ " " " " '  
0 0.2 0 4  0 6  0 6  1 

r/Na 

Figure. 5. Full force-length relation curve showing the difference, 
A(r),  between phantom chain (a = 0) and chain with excluded 
volume (a la  = 0.8). 

c 

La 
\ w 

0 0.2 0.4 0.6 0.8 1 
r/Na 

Figure 6. Fraction, E / D ,  of volume D in configuration space 
accessible to a phantom chain which is prohibited by excluded 
volume. Hard-sphere diameter u = 0.4a and 0.8a. 

ensemble, the Monte Carlo calculations described in sec- 
tion I1 were supplemented by molecular dynamics simu- 
lations. The model used was again a freely jointed chain 
with the covalent bonds represented by Vc of eq 1; the 
excluded-volume repulsive force, or noncovalent interac- 
tion, is represented by a truncated Lennard-Jones potential 

where s is the distance between any pair of atoms and so 
= 2.25a. 

While the Monte Carlo calculations were for the case 
of asymptotically large spring constant K ,  in this section 
a value of K somewhat softer than that of a carbon back- 
bone chain was used in order to facilitate the calculations; 
namely, K corresponds to wo = (K/m)'/' = 4.1 X loi3 s-'. 
The temperature T = 300 K and kT/c = 20, where E is the 
parameter in eq 16. The time step At = 2.4 X s was 
used. 

As part of these calculations, the relative contributions 
of the covalent and noncovalent potentials to the forces 
in the molecule were determined. A typical example is 
shown in Figure 7, in which is plotted fi, the time average 
of the resultant force in the r direction exerted by atoms 
i + 1, ..., N upon the atoms 0, ..., i; fy  is the covalent portion 
of this force due to Vc, and fiNC is the noncovalent portion 
due to VNc, so that fi = fiC + fiNC. Both f y  and fiNC show 
some end-effect variation near the ends of the chain but 
are relatively constant over the central portion of the chain. 
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Figure 7. Force decomposition into covalent component, f ,  and 
noncovalent component, f N c ,  obtained by molecular dynamics in 
strain ensemble. The total bond number N = 100, and r/Na = 
0.1. Lennard-Jones potential parameters u/a = 0.8, k T / t  = 20. 
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Figure 8. Spatial distribution of the transmitted noncovalent 
forcetfor different m as determined by molecular dynamics. The 
force f,lNC is the time-averaged noncovalent force exerted on atom 
j by atoms m + 1, ..., N.  r /Na = 0.1. 

It may be shown2 that for a sufficiently long-time average, 
the sum f; should be constant along the entire length of 
the molecule, and this is seen to be the case within com- 
putational accuracy. The results in this figure, and in other 
calculations, show that the excluded volume or noncovalent 
forces fiNC are negative, corresponding to an internal 
pressure. For the zero axial force distance, r = ro, these 
are just balanced by the covalent, tensile forces f?. 

The average spatial distribution of the noncovalent 
forces transmitted across an arbitrary bond was also de- 
termined. The force fm-jNC is the time-averaged nonco- 
valent force exerted on atom j by atoms m + 1, ..., N so 
that 

Typical values are shown in Figure 8; it is seen that fm-jNC 
decays rapidly with m - j and is relatively independent of 
m for values of the latter index corresponding to the central 
portion of the chain. 

V. Effect of Chain-Chain Interaction 
The work described in the previous two sections con- 

cerned excluded-volume effects on the force-length rela- 
tion of a single long-chain molecule. In order to assess the 
effects of chain-chain interaction on this relation, we have 
also studied, by Monte Carlo simulation, the force-length 

Figure 9. Pair of freely jointed chains with N1 and N2 bonds, 
respectively, and with common end points subject to prescribed 
displacement r; f is time average of axial force required to 
maintain this displacement. 
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Figure 10. Force-length relation for pair of interacting chains 
with Nl = N2 = 60 bonds compared with sum of forces in the same 
pair of noninteracting chains. 

relation of two interacting chains with a common end-to- 
end displacement vector r (Figure 9). The chains have 
N, and N2 bonds, respectively, and in addition to the 
covalent bonds connecting neighboring atoms, all of the 
atoms of the system interact with the hard-sphere potential 
of eq 2. 

The model we are treating is seen to be equivalent to 
a single self-avoiding ring. This subject has been treated 
extensivelylS2l in the literature previously but, as with the 
linear chain, the work has focused on probability distri- 
butions and not on their implications for forces. In the 
absence of excluded volume, it follows readily from the 
result of Zimm and Stockmayer22 that the force exerted 
by a chain pair is simply the sum of the forces exerted by 
the component chains. Here we explore this question in 
the presence of excluded volume. 

The method of Monte Carlo simulation of this system 
is discussed in the Appendix. It is used to obtain the 
probability distributions P(r) and p(r), and the force- 
length relation for the two interacting chains is obtained 
from the latter by use of eq 3. 

Typical results for two interacting chains of equal length 
are shown in Figure 10. It is seen that the interaction 
between the two chains has only a secondary effect on the 
force-length relation for a single chain, and the force for 
the chain pair is very nearly twice that for a single chain. 

Results for two interacting chains of unequal length are 
shown in Figure 11. It is seen that the assumption of 
additivity of the forces predicted by the force-length re- 
lations of the isolated chains provides a good approxima- 
tion to the force observed in the interacting chains. 
VI. Conclusions 

(1) As found previously for a chain with N = 10 bonds, 
the force-length relation for the longer chains studied on 
the basis of the strain ensemble in this paper exhibits both 
compressive and tensile regions. However, while the re- 
lation for the short chain possessed a rather complex 
structure, due perhaps to the small value of N, the present 
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Figure 11. Force-length relation for pair of interacting chains 
with N 1  = 20 bonds and N2 = 100 bonds, compared with sum of 
forces in the same pair of noninteracting chains. 

results for large N are quite smooth and manifest all of 
the generally observed characteristics of experiments on 
rubber-like materials in uniaxial extension. 

(2) The computed force-length relations for large N 
agree well in the compressive regime and for moderate 
extensions with those based on the probability distribution, 
p(r), obtained by renormalization group methods by Oono 
et al.,15 although the latter, as might be expected, does not 
show the force upturn at large extensions observed in the 
numerical results. The Monte Carlo results for chains with 
N = 200 bonds also show a dependence on the hard-sphere 
diameter a; best agreement between the Monte Carlo and 
renormalization group results are obtained for a la  = 0.4, 
where a is the bond length. Whether this a-dependence 
persists for larger N remains a subject for future investi- 
gation. 

(3) The fraction, EID, of the volume in configuration 
space accessible to a phantom chain which is prohibited 
by excluded-volume interactions is quite large even at  
moderately large chain extensions and approaches unity 
rapidly as the chain length is decreased. 
(4) Chain-chain interaction for a system of two chains 

has little effect on the force-length relation for a single 
chain. 

(5) The molecular dynamics calculations of section IV 
provide physical insight into the nature of the noncovalent 
potential contribution to the forces in a long-chain mole- 
cule. They serve in several ways to confirm the results 
obtained through the numerical study of a different model 
in ref 2. In particular, the present calculations confirm 
the existence of a uniform central portion of the chain in 
which the noncovalent potential results in a decaying force 
or traction exerted across an arbitrary plane separating two 
portions of the chain. 

(6) The usual three-chain model of rubber elasticity4 
does not explicitly consider excluded-volume effects; they 
are introduced implicitly through the phenomenological 
assumption that all deformations take place at constant 
volume. Although on the basis of purely entropic con- 
siderations the forcelength relation of each chain is purely 
tensile, the behavior of the model in uniaxial extension 
exhibits both tensile and compressive regimes since it is 
assumed that excluded-volume effects produce the hy- 
drostatic pressure required to satisfy the boundary con- 
dition of zero stress on the lateral faces. The present 
calculations show that the explicit consideration of ex- 
cluded-volume effects in a strain-ensemble calculation of 
the force-length relation for a single chain leads to a re- 
lation that exhibits both compressive and tensile regimes 
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and the other generally observed characteristics of ex- 
periments on rubber-like materials in uniaxial extension. 

Appendix: Monte Carlo Procedure 
To obtain the probability distribution function P(r) of 

the end-to-end distance for a single freely jointed chain 
with excluded volume, the “reptation” methodz3 has been 
used. This algorithm samples configuration space in ac- 
cordance with the probability density p(r). Therefore it 
would require unattainable times to obtain sufficient 
points in the highly stretched r region. In order to obtain 
values of the function P(r) for large r, we replaced the usual 
transition p r ~ b a b i l i t y ~ ~  

W,, = e[Hh)-H(rdl/kT if H(r2) > H(rl) 
= 1 otherwise 

by 
Wlz‘ = W12(f(r2)/f(r1)) 

where f(r) is chosen to be large for both small and large 
r in order to produce a more uniform sampling. The 
transition probability W l i  leads to a distribution p’(r) = 
f(r)p(r), from which the desired p(r) may be obtained. The 
choice of the bin size in r in which the configuration 
numbers are accumulated is based on two conflicting 
considerations. A smaller bin size permits greater accuracy 
in the computation of such quantities as r,,. On the other 
hand, a smaller bin size increases the fluctuations in the 
probability distribution and the subsequent errors in nu- 
merical differentiation. In our computations, the bin size 
was taken as O.la to 0.4~. The force-length curves ob- 
tained by numerical differentiation are then smoothed by 
a cubic spline method. The zero-force distance, ro, is de- 
termined from these smoothed curves. 

In the simulation of chain-chain interactions, the typical 
configuration is a chain loop with 2N bonds. Choosing any 
pair of two atoms as the ends of two chains, we obtain a 
configuration for two chains with N1 and N2 bonds, with 
their ends tied together and with N1 + N 2  = 2N. There- 
fore, from one configuration of the chain loop, we can 
determine many different configurations for two chains 
with preselected values of N1 and N2. 

The generation of such a chain loop as the initial con- 
figuration is done by a restricted random walk. We con- 
struct an N-step random walk with excluded volume on 
one side of a given plane with the start and end points on 
this plane. The other atoms are required to remain at  a 
perpendicular distance from this plane which is greater 
than a/2. Then the other half of the loop is obtained as 
the reflection of this N-bond chain about the plane 

To obtain a new configuration of the loop, a method that 
may be called a “shift and kink” move was employed. A 
given bond of the loop, bond i, with orientation vector di, 
was chosen at random. The next N - 1 bonds in the loop 
are moved by di relative to the rest of the loop, so the 
vector di becomes the bond at i + N. The Metropolis 
criterion is used to determine whether the new configu- 
ration is acceptable. Since this shift only rearranges the 
2N bonds of the loop, changing the relative angles between 
bonds, but not their orientations in space, i t  is supple- 
mented periodically by a “ k i n k - j ~ m p ” . ~ ~  This causes a 
more uniform distribution in space of the individual bond 
orientations and helps to release some possible entangle- 
ments. If entanglements still occur, the computation is 
stopped and restarted from a new configuration. The other 
details are the same as in the single-chain case. 

For N = 60, i.e., a loop with 120 bonds, 200000 config- 
urations were generated. The distribution function was 
found to remain stable from 100 000 iterations to 200 000 
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iterations. The CPU time required on the VAX 111780 
for such a computation was about 11 h and approximately 
5 min on the Cray 1. 
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ABSTRACT The terminal relaxation of a series of high molecular weight star polybutadienes (M) dissolved 
a t  low concentration (c < 2.5%) in low molecular weight linear polybutadienes (P) has been studied. The 
experimental conditions are favorable for the observation of relaxation by tube renewal of the stars. The 
longest relaxation time ( T ~ )  of stars with f = 4 and f = 18 can be superimposed on the values of T~ of linear 
polymers plotted against 2Mw/f. It is found that rl a Mw2.2Pw2.6. The i@.2 dependence indicates that the 
tube around the test chain is a Rouse tube. The Pw2.6 dependence deviates considerably from the prediction 
of the reptation theory (F). It is suggested that contour-length fluctuations are ineffective in tube renewal. 

Introduction 
Reptation was originally devised as a model for diffusion 

and relaxation of linear polymers in the fixed surroundings 
of a network of entanglements.' Experiments that relate 
directly to this situation have been performed.2 However, 
in linear polymer melts or concentrated solutions the en- 
tangling neighbors of a chain are not necessarily fixed on 
the time scale of the reptation of that chain. Neighboring 
chains reptate and abandon the entanglement. The im- 
aginary tube around each polymer molecule is thereby 
locally and temporarily destroyed, and relaxation by lateral 
hopping becomes possible. This process is called tube 
renewal or constraint release.' 

The relation between the primary reptation time T~~ and 
the longest tube renewal time TR for a linear n-mer is given 
by334 

and 

71th) w T r e p ( P )  (2) 

where n and p are degrees of polymerization, ne is  the 
number of monomers between two consecutive entangle- 

+ Issued as NRCC 26676. 

ments along the chain, and T~ is the time between jumps 
of the size of one monomer unit along the (curvilinear) 
tube. Equation 2 indicates that the relaxation by tube 
renewal is a Rouse type process, its longest time depending 
on the square of the number of entanglements per chain: 
N = n/n,.135 For homopolymer p = n and eq 2 becomes 

(3) 
The numerical coefficient in eq 2 and 3 has been esti- 
mated.3i5 Tube renewal is expected to be less important 
than reptation for homopolymers. In the overall relaxation 
process other shorter Rouse relaxation times down to 
T R ( ~ ) / P  wil l  also contribute, so that tube renewal modifies 
the longest relaxation time of a h~mopolymer.~,~ 

Tube renewal can be studied by observing the relaxation 
of an isolated long n-mer in a matrix of entangling low 
molecular weight p - m e r ~ . ~  I t  is required that no entan- 
glements exist between the n-mers. Moreover, for a linear 
test chain, eq 1 and 2 require that nn,2/p3 > 1, a condition 
that is not easily satisfied in pra~t ice .~ Others have studied 
tube renewal in more concentrated mixtures of a large test 
chain in smaller Under these conditions both 
processes coexist, and there is a rather delicate interaction 
between tube renewal of n-p entanglements and reptation 
along n-n entanglements.6 

The importance of tube renewal has been demonstrated 
very convincingly in the study of the diffusion of linear 

7 ~ h )  E w7rep(n) a n5 
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